We study, within the classical fields approximation, a two-dimensional weakly interacting uniform Bose gas of a finite number of atoms. By using a grand canonical ensemble formalism we show that such systems exhibit, in addition to the Berezinskii-Kosterlitz-Thouless (BKT) and thermal phases, an intermediate region. This intermediate region is characterized by a decay of currentcurrent correlations at low momenta and by an algebraic decay of the first-order correlations with an exponent being larger than the critical value predicted by the BKT theory. The density of the superfluid fraction at the temperature which separates the BKT phase from the intermediate region approaches the one found by Nelson and Kosterlitz for two-dimensional superfluids while the number of atoms is increased.
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One-and two-dimensional systems possess unusual properties. For instance, thermal fluctuations unable the phase transition to Bose-Einstein condensate in low dimensional Bose gases [1] . Instead, a two-dimensional Bose systems exhibit a new kind of phase transitions, related to spontaneous creation of vortices [2, 3] . Below the BKT transition temperature vortices form tight pairs, whereas above the pairs break and the vortices move on their own. In a one-dimensional Bose gas, on the other hand, different kind of excitations are developed, which were studied theoretically by Lieb and Liniger [4] and whose existence was recently confirmed by the classical fields calculations [5] . These excitationsspontaneous solitons -are analogous to pairs of vortices in a two-dimensional case.
As shown by Nelson and Kosterlitz [6] , a twodimensional superfluid exhibits a jump of the density at the critical temperature. Theory developed in [7, 8] predicts that the ratio of the superfluid density at the critical temperature to the critical temperature depends only on the fundamental constants and equals 2 m 2 k B / 2 π. This relation has been confirmed experimentally with different physical systems, including thin superfluid 4 He films adsorbed on a solid substrate [9] , thin films of superconductors [10, 11] , and planar arrays of Josephson junctions [12] .
All these experiments brought evidences supporting the presence of the BKT phase transition in a twodimensional systems, however, none of them proved directly the existence of underlying mechanism of binding and unbinding pairs of vortices. Gaining direct evidences for that became possible only in the era of cold atoms. Experimental studies of a two-dimensional Bose gas began soon after the first achievement of the Bose-Einstein condensate [13] [14] [15] [16] [17] [18] [19] [20] [21] . One of the first experimental approach to the BKT phenomenon in a gas of cold atoms was reported in Ref. [13] . It was shown that the BKT description applies to the finite-size systems although the transition resembles the crossover rather than the sharp phase transition. The other important result was related to an observation of vortex proliferation which began abruptly while the temperature was increasing.
Most of the ultracold-atom experiments on BKT phase to date were performed with a gas confined in a twodimensional harmonic trap [13, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . This introduces a new degree of freedom into play since the Bose-Einstein condensation (BEC) phase transition becomes possible. An interplay between the interaction-driven BKT phase transition and the Bose-Einstein condensation has been experimentally studied in [36] . The emergence of coherence in a sample with tunable interaction was observed and attributed to the BKT superfluid transition. It was shown that the BKT transition converges to the BEC one when the interactions are vanishing. With appearance of a possibility of trapping atoms in a uniform potential [37, 38] new studies of emergence of coherence in a twodimensional Bose gas confined in a box-like potential has started [39] . Here, we numerically investigate the properties of BKT phase in a uniform two-dimensional Bose gas with finite number of atoms, in particular, we calculate the superfluid density in the sample. Although such quantity could be identified by the measurement of the speed of second sound (see Ref. [40] and a recent experimental work on sound propagation in two-dimensional Bose gas [41] as well as its theoretical description [42] ), we propose here to investigate the current-current correlations.
Numerical studies of the BKT transition in a twodimensional Bose gas requires the knowledge of techniques treating nonzero temperatures. Such methods have been already well developed for degenerate Bose gases [43] [44] [45] . In particular, c-field methods as described in Ref. [45] were used to thoroughly discuss the properties of both trapped [46] [47] [48] and uniform [49] twodimensional Bose gases. Here, we are following the classical fields approximation [43] . We are interested in equilibrium states, hence we built the statistical ensemble of classical fields [50] [51] [52] . In the present paper the grand canonical ensemble is used, therefore the temperature and the chemical potential are two control parameters. They determine uniquely the average total number of atoms in the system, which is in our case of the order of a few thousand. We change the temperature in a wide range to find the transition to the thermal phase which is arXiv:1809.10967v2 [cond-mat.quant-gas] 26 Mar 2019 characterized by the exponential decay of the first-order correlation function as well as by the extinction of the superfluid fraction. Increasing the temperature moves the energy cutoff, typical for c-field methods [53] [54] [55] [56] , up forcing the usage of larger sets of basis functions needed for the expansion of the classical field.
The superfluid density of a two-dimensional uniform Bose gas of N particles occupying a volume V can be obtained by calculating the current-current correlations in momentum space, derived based on the hydrodynamic theory of superfluid [57] (for an equivalent approach utilizing the momentum density correlations, see Refs. [49] and [58] )
The above formula is valid in the limit of vanishing momentum. The current density, j(r), itself is initially determined in coordinate space as
where ψ(r) is the classical field, and then transformed to momentum space. To get the superfluid, s , and normal, n , densities one needs to utilize Eq. (1). First, considering the xy (i.e., when l = x and m = y) correlations
allows to determine the superfluid density. Then, by calculating the xx (i.e., when l = m = x) correlations we can easily deduce the density of normal fraction
We do calculate the superfluid fraction of a twodimensional uniform Bose gas according to the above prescription. For a given chemical potential we scan the temperature and for each temperature we find the xy and xx current-current correlations as a function of momentum in two-dimensional space. We average the (j k ) (j k ) m product over the grand canonical ensemble. To make the outcome smooth enough we additionally do averaging over time while propagating each classical field according to the Gross-Pitaevskii equation [43] . The solution of Eq. (3), which we denote here as˜ s , is shown in Fig. 1 in the insets along the line k = (k/ √ 2, k/ √ 2). The superfluid density, s , is obtained from˜ s by calculating the limit of zero momentum. The Eq. (4) gives us the normal component density, hence an internal consistency of our numerical procedure can be checked -the total density must equal the one obtained within the ground canonical ensemble approach. Fig. 1 includes three frames, which are representative for the BKT phase (upper frame), the intermediate region (defined below, middle frame), and the thermal phase (lower frame). Here, the interaction strength g = , with the superfluid density obtained numerically. Vertical dashed line is the transition temperature, Ttr, to the intermediate region (marked by a shaded area) whereas the solid one shows the transition to the BKT phase in the thermodynamic limit [59] . Horizontal dashed line is the value of the critical exponent. Inset: Exponent η(T ) at the transition temperature, T = Ttr, to the intermediate region as a function of number of atoms. Errors in the main panel and in inset are smaller than the size of symbols used. Clearly, η(Ttr) approaches the critical value of 0.25 [6] with increasing number of atoms.
is 5000 2 /mL 2 k B . When the temperature increases, this behavior gets modified qualitatively. Above some characteristic temperature, T tr , the current-current correlations start to diminish for small momenta. We say that the system enters the intermediate regime (middle frame in Fig. 1 ). In this region the superfluid density rapidly goes to zero. When the superfluid density vanishes the system reaches the thermal phase (lower frame in Fig.  1 ).
This behavior of the current-current correlations coordinates with the properties of the first-order correlation function, g (1) (r, r ), defined as a normalized average g (1) (r, r ) = ψ (r) ψ(r ) / ψ (r) ψ(r ) over the grand canonical ensemble (in order to improve the quality of results, additional averaging over time while propagating the classical field, is applied). Main frames in Fig. 1 (black solid lines) show the g (1) (r, 0) function for all characteristic regimes. For temperatures below the BKT transition temperature the system exhibits the quasi-long-range order, i.e. g (1) (r, 0) decays algebraically with a distance, g (1) ∝ r −η (as opposed to the exponential decay occurring for the thermal gas), with a temperature dependent exponent η(T ) (see Fig. 2 ). As shown by Nelson and Kosterlitz, for an infinite system this exponent is related to the superfluid density by η(T ) = m 2 k B T /2π 2 s (T ) [6] . The critical value of the exponent, i.e. its value at the critical temperature, equals 0.25. Indeed, our results prove the fall off of the correlations with a distance according to the power law (see Fig. 1 , upper frame), with the exponent increasing with temperature (see Fig. 2 ). Note that all data available for g (1) (r, 0) are used to get the best algebraic fit. In fact, there is some discrepancy visible for large distances. This happens because the system we consider consists of finite number of atoms. This results in macroscopic occupation of zero momentum mode. Therefore, the correlations saturate at large distances to the value equal to the fraction of atoms being in the zero momentum state.
Within the intermediate region (shaded area in Fig.  2 , T > T tr ) the g (1) (r, 0) function still fits to the algebraic decay, not to the exponential one (we applied χ 2 test to judge that, see Appendix A) but now the exponent η(T ) > 0.25 (exponents larger than 1/4 were also reported in [49] for ultracold atomic Bose gases and in [60, 61] for polariton systems). When the temperature gets beyond the one characterizing the intermediate region, the g (1) function changes qualitatively its character and starts to fit the exponential function (lower frame in Fig. 1 ) -also the superfluid fraction vanishes. Fig. 2 shows the exponent η(T ) for the interacting (g = 0.35) system consisting of N = 6000 atoms. The numerical results almost follow the formula η(T ) = m 2 k B T /2π 2 s (T ) [6] , valid in the thermodynamic limit. The discrepancy appears close to the transition temperature, T tr , to the intermediate regime (shaded area in the figure) . This is because the system under consideration is finite and the value of the superfluid density, s (T ), appearing in the expression for η(T ) is overestimated as taken for the system with finite number of atoms. It is emphasized also by the fact that the transition temperature to the BKT phase in the thermodynamic limit, given by T ∞ = 2π 2 n/mk B ln (ξ 2 /mg) with ξ ≈ 380 (vertical solid line) [59] , is shifted with respect to T tr . In the inset of Fig. 2 we collect the values of η(T ) at the transition temperatures, T tr , for the gas with different number of atoms. Clearly, moving towards the infinite system gets the value of η(T ) closer to the value of the critical exponent, i.e. 0.25.
In Fig. 3 we demonstrate how the two-dimensional Bose gas behaves while approaching the thermodynamic limit. Here, we plot the superfluid fraction as a function of temperature in the system having a constant density (equal to 66.2 µm −2 ) but increasing number of atoms. When the number of atoms gets larger the intermediate region shrinks and the transition temperature, T tr , approaches the critical temperature (vertical solid black lines) [59] . At the same time the superfluid fraction decreases. Evidently, the transition temperature, T tr , acquires the meaning of the critical temperature of a twodimensional Bose gas when the number of atoms gets larger.
In Fig. 4 we summarize our results showing the superfluid density at the transition temperature T tr . It is clear that the ratio ρ s (T tr )/T tr follows the universal behavior ρ s (T c )/T c = (m 2 k B / 2 ) 2/π proved in [6] , assuming T tr = T c . Hence, a two-dimensional weakly inter- acting Bose gas belongs to the class of systems possessing properties (like the critical exponent for the decaying first-order correlations or the universal jump of the superfluid density at the transition) well understood within the BKT theory. In summary, we have studied a weakly interacting twodimensional Bose gas at thermal equilibrium, consisting of a finite number of atoms. In addition to the BKT and thermal phases, we identify the intermediate region. It is characterized by an algebraic decay of the first-order correlation function, as the BKT phase is, but with the decay exponent larger than the critical value and, simul- , at the transition temperature Ttr (symbols). The transition temperature is determined from the criterion based on the behavior of the currentcurrent correlations at low momenta. For a given interaction strength (g = 0.7 -green squares, g = 0.35 -blue circles, and g = 0.15 -red diamonds), data for the system with different numbers of atoms (as in Fig. 3 ) are shown. The solid line is the linear relation between the superfluid density at the BKT transition and the BKT transition temperature, ρs(Tc) = (m 2 kB/ 2 ) 2 Tc/π, as proved by Nelson and Kosterlitz [6] and experimentally verified in [9] [10] [11] [12] . As argued in the text, the transition temperature, Ttr, approaches the critical one when the number of atoms is increased. In the figure both temperatures are put equal.
taneously, by decrease of the current-current correlations for low momenta. When the number of atoms increases the intermediate region shrinks and the temperature separating the BKT and intermediate phases approaches the critical temperature. At the same time, the superfluid density at the transition temperature becomes the density which represents the universal jump of the superfluid density characteristic for two-dimensional systems discussed by Nelson and Kosterlitz [6] . Fig. 1 and 5) fits, respectively. ∆η shows the standard error for the exponent η, whereas ∆β is the standard error for the coefficient β in the exponential decay of the correlation function, g (1) ∝ exp (−βr). The last column gives the ratio χ are plotted as black solid lines. Blue dashed and red dotted lines represent the best algebraic and exponential decay fits, respectively. Fig. 5 , left and middle frames, clearly demonstrate that the first-order correlation function decays algebraically both in the BKT and intermediate phases. Contrary, the right frame indicates the exponential decay of correlations in the thermal phase. Quantitative details of fitting procedure in the case of both the algebraic and exponential fits, including the χ 2 test numbers, can be found in Table I . The χ
2
BKT column proves that χ 2 numbers for two lowest temperatures are much smaller than for the highest temperature. It means that for two lower temperatures the algebraic fits work much better. Similarly, based on the χ 2 th column, one deduces that for the highest temperature, T = 6500, the exponential fit is the correct one. The most important, however, is the last column. The ratio χ 2 BKT /χ 2 th is very small for temperatures T = 5000 and T = 5500 and it becomes large for the temperature T = 6500. It unambiguously proves that for the BKT and intermediate phases the correlations decay algebraically whereas for the thermal phase the fall off of the correlations is the exponential one.
